In this paper, we discuss the optimal accelerated life test plans for Burr type X distribution with log-linear model under periodic inspection and Type I censoring. We obtain the maximum likelihood estimators, the Fisher information and the asymptotic covariance matrix of the maximum likelihood estimators. Accelerated life test is optimized with respect to the low test stress and the proportion of test units allocated to the low test stress for given shape parameter. The asymptotic variance of the maximum likelihood estimator of qth quantile at the design stress is derived as an optimality criterion with equally spaced inspection times and the optimal allocation of units for two stress levels are determined. Optimality results show that the asymptotic variance of qth quantile at the design stress is insensitive to the number of inspection times and to misspecifications of guessed failure probabilities at design and high test stresses. Procedures for planning an accelerated life test, including selection of sample size, have been discussed through an example.
Introduction
There are many engineering situations where components in a system are designed to last a relatively long time under design conditions. These long life spans make it impractical to conduct life tests under design conditions. Accelerated life tests (ALTs) are used to estimate the lifetime of such highly reliable products within a reasonable testing time. In an ALT experiment, test units are run at higher than usual levels of stress to induce early failures. The test data obtained at the accelerated conditions are analyzed in terms of a model, and then extrapolated to the design stress to estimate the life distribution. Such ALTs have proven to be useful in many phases of product design and manufacture, from prototype testing to post production screening. Meeker and Escobar (1998) devoted three complete chapters to this topic and proper implementation of such tests. Nelson (1990) provided an extensive coverage of statistical models, test plans, and analytical procedures employed in accelerated life testing. For more details on research and issues in ALTs, see Meeker and Escobar (1993) .
There are two inspection modes applied in ALT. One is the continuous inspection that results in exact failure times (see Chernoff (1962) , Meeker (1984) , Meeker and Nelson (1975) , Nelson (1990) , Nelson and Meeker (1978) ). The other is the periodic inspection in which test units are inspected for failure at predetermined points in time. The periodic inspection is frequently employed by many authors (see Ahmad (2010) , Ahmad and Islam (1996) , Ahmad et al. (1994 Ahmad et al. ( , 2006 , Ehrenfeld (1962) , Islam and Ahmad (1994) , Meeker (1986) , Yum and Choi (1989) , Seo and Yum (1991) ) because it requires less testing effort and is administratively more convenient. For more useful and up-to-date results in ALTs, see , Yang (2007) . This paper considers planning ALT for items whose lifetime follows Burr type X failure model. Burr (1942) introduced twelve different form of cumulative distribution function for modeling lifetime data. Several authors consider different aspects of the Burr type X distribution (see Ahmad, et al. (1997) , Jaheen (1996) , Sartwi and Abu-Salih (1991), Raqab (1998) , Padgett (1998, 2005) , Raqab and Kundu (2005) , Kundu and Raqab (2005) ). Recently, Surles and Padgett (2001) and Ahmad, et al. (2009) showed that the Burr type X can be used quite effectively in reliability and survival analysis.
In this paper we develop ALT plans for the Burr type X distribution under Type I censoring and periodic inspection at two test stress levels. It is assumed that a log-linear model exists between the Burr type X scale parameter and the stresses and that the shape parameter is constant and is independent of the stresses. The unknown parameters in the log-linear model are estimated by maximum likelihood estimation (MLE) method. For the known shape parameter, the low test stress and associated proportion of test units are optimally determined at design stress. The optimal test plans are derived by minimizing the asymptotic variance of the maximum likelihood estimator of qth quantile at design stress. This paper is a generalization of Ahmad et al. (1994) work. It may also be viewed as an extension of Surles and Padgett (2001) work to the case of ALT with periodic inspection. A self-developed software program has been used to carry out the computations. The proposed method is limited to tests with only two acceleration levels, but we show it can be extended to multiple acceleration level situations.
Computational studies are conducted for various combinations of parameters to examine how the optimal plans vary with respect to these parameters at design and high-test stresses. Sensitivity analyses have also been performed for various combinations of parameters to assess the effect of inaccuracy to misspecification of guessed failure probabilities on the optimal plan at design and high-test stresses. Procedures for selecting a sample size and for planning an ALT are discussed with an example.
The Proposed Model and Test Method
A statistical model for an ALT consists of a life distribution that represents the scatter in product life and a relationship between distribution parameter and accelerating stress. Most previous work on optimal design of ALT assumes that the life distribution is either exponential or Weibull (see Ahmad (2010) , Ahmad et al. (1994) , Chernoff (1953 Chernoff ( , 1962 , Ehrenfeld (1962) , Islam and Ahmad (1994) , Meeker (1984) , Meeker and Escobar (1998) , Meeker and Nelson (1975) , Nelson (1990) , Nelson and Meeker (1978) , Park and Yum (1996) , Yum and Choi (1989) , Seo and Yum (1991) ). The Burr type XII, Burr type III, Normal and lognormal models have also been used (see Ahmad and Islam (1996) , Ahmad et al. (2006) , Meeker (1984) , Nelson and Kielpinski (1976) ). We propose the Burr type X lifetime distribution that describes the failure mechanism of test units.
Assumptions
We make the following assumptions: 
where  > 0 is shape parameter and  > 0 is a scale parameter. Surles and Padgett (2005) .
 The scale parameter  is assumed to be a log-linear function of stress level s. That is,
where  0 and  1 are unknown parameters to be estimated. The above relationship is frequently used in ALT. This model includes the inverse power model and the Arrhenius relation rate model see, Islam and Ahmad (1994) , Nelson (1990) .
 The shape parameter  is independent of stresses (constant for any stress).
 The lifetimes of test units at stress level s i are independent and identically distributed.
Test Procedure
 The design stress (s 0 ) and high-test stress (s 2 ) are pre-specified, while the test stress (s 1 ) is to be optimally determined.
 Out of total N test items, the test items (n i ) allocated to s i is given by
where  1 is to be optimally determined. 
Note that the qth quantile (t q ) of the lifetime distribution at design stress s 0 and  0 are related as
Let 0  and 1  be the ML estimates of  0 and  1 , respectively. Then,
Standardization
Without loss of generality, let with and without prime represent the original and standardized scale, respectively, then the stress level is standardized as follows (see Meeker (1984) ): 
Then from equation (7) it can be shown that
Note that ' c t becomes 1 in the standardized time scale.
Hence, no generality is lost under the above transformation.
Optimization Criterion
Nelson (1990) and Nelson and Kielpinski (1976) describe various criteria for determining optimal ALT plans. A common purpose of an ALT experiment is to estimate a particular quantile q t in the lower tail of the failure-time distribution at use conditions. Thus our optimality criterion is to minimize AsVar( ) q y , the asymptotic variance of the MLE of the logarithm of the target quantile at design conditions. q is often chosen to be a small number like .01 or .001.
Design Problem
The statistically optimal ALT plans under periodic inspection and Type I censoring can now be stated as:
given N, s 0 , s 2 , , 
Estimation of Parameters
There are several methods of estimation for censored data, which provide estimates of the parameters of the assumed log-linear model. The MLE method is used for the following reasons (see Ahmad and Islam (1996) , Meeker and Nelson (1975) , Nelson (1990) ).
 It is easier to calculate the optimal plans by this method in comparison to linear estimation methods.
 This method provides asymptotically minimum variance estimates for large sample sizes. Also, for small sample sizes, ML estimates generally compare well with other estimates.
Maximum Likelihood Estimation
The likelihood function of the set of observations
which are multinomially distributed with n i
Taking logarithm of both the sides, we get
where C is constant with respect to  0 and  1 and
The ML estimates of  0 and  1 can be obtained by solving the following equations:
The above equations can be rewritten as
Fisher Information Matrix
The Fisher information matrix F (see Nelson (1990) , Rao (1973) ) for the optimal plan is 2 2 2 2
where ( ) 1 2 1 1
After some algebraic simplification, (14) becomes
where
Note that
Asymptotic Variances of MLEs
The asymptotic covariance matrix V of the ML estimates 0  and 1  is the inverse of the Fisher information matrix F:
The asymptotic variance ( 
Optimal Plans

Optimization Method
The optimal plans are determined with the following simplified assumptions and standardization:
 Censoring times at s 1 and s 2 are the same, that is,  The number of inspections at each stress level is the same, that is,
 Parameters are standardized such that the common censoring time, as well as the high test stress becomes 1, and the design stress is 0. That is, t c = s 2 = 1, and s 0 = 0. Such standardization does not alter the nature of our problem. 
After some algebraic simplification (20) becomes
Under the above assumptions, the optimal plan is developed by determining optimal values of s 1 
and
For given values of K, P u , P h , and , optimal values of s 1 and  1 are determined by the following two-step procedure that minimizes ( ) q AsVar y .
 We obtain the optimum values of
by formulating the problem as the following nonlinear programming problem (NLPP): 
where  is a Lagrange multiplier.
The necessary conditions for the solution of the problem are
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Solving (27) and (28)  are determined by using the method described by Nelson and Meeker (1978) . It can also be determined by a two-step procedure. Finally, the ratio of 
Sensitivity Analysis
To use an optimal plan, one must provide approximate values of the model parameters (or equivalently P u and P h ). Chernoff (1953 Chernoff ( , 1962 call such a plan "locally optimal". Values that are appreciable in error may result in a plan that is far from optimal. This possibility can be checked if one examines the plans for different parameter values and suggested sensitivity analysis. For some selected values of P u , P h , and , a sensitivity analysis was conducted to see how misspecification of imputed failure probabilities affect ( ) To determine the sample size N, one requires that with high probability 0 ,   falls between  0 /h and  0 h for a specified h (> 1) (see Meeker, (1986) ). That is
Note that (30) can be rewritten as
Then, the approximate sample size is obtained as
where v 0 is the asymptotic variance of 0  when N = 1 and  is the (1+)/2 quantile of the standard normal distribution.
Optimality Results
Optimal ALT results are presented in Tables 1-2 
Planning ALTs
We suggest the following procedure for planning an ALT.

Provide pre-estimates of P u , P h , and  and the ranges of their plausible values.
Determine an optimal test plan using the pre-estimates. 
An Application
Suppose that an experimenter is planning to develop an ALT for a certain type of electrical capacitor with the use of temperature (or voltage) as an accelerating stress. The lifetimes of electrical capacitors are known to have a Burr type X failure distribution, and the log mean lifetime at the design stress is of interest. The design stress is characterized by 30 C (or 20 V). The high stress level of temperature (or voltage) is pre-specified as 120 C (or 400 V). The test duration (the censoring time t c ) is allowed for 1000 hours at each stress level. The experimenter first guesses the P u , P h and  is 0.0001, 0.90 and 1.5, respectively. Based upon the above information the optimal plan for K = 2 are computed to be (see Table 2 
Now, we want to calculate sample size by taking  and h as 0.9 and 2.0, respectively. Using (32), the required sample size becomes approximately 104. Being conservative, the experimenter might want to determine the sample size for the worst case of this optimal plan where ( ) q AsVar y = 588.183 for P h = 0.01 and same P u , , and K. We obtain a conservative sample size 3318.
Next, the experimenter guesses that P u , P h and  are 0.0001, 0.90 and 1, respectively, then the optimal plan for K = 2 are computed as (see Table 1 ): For the same  and h, an approximate sample size obtained for this optimal plan is 232. Hence, if the shape parameter decreases an experimenter requires larger sample size.
Although the true values of P u and P h are different from their guessed values, suppose that the ranges of the plausible values of P u , P h , and  are as follows:
For the above plausible ranges of pre-estimates, sensitivity analyses are conducted. Tables 3-4 shows that sensitivity ratios are very close to 1, implying that the selected plan in (33) is generally robust against the likely departures of true P u , P h , and  from their guessed values, except for the case where P u is underestimated and P h is overestimated. For instance, using the guessed values of P u = 0.0001, P h = 0.90, ,
and  = 1.5 as u P  = 0.0003, h P  = 0.70, and  = 1.5 (see Table 4 ) then the optimal plan for K = 2 has relatively increased in ( ) q AsVar y . The sensitivity is 1.0220 which means that the increase in ( ) q AsVar y due to the uncertainties involved in estimating P u , P h , and  is 2.20%. Also, the sensitivity value ranges from less than 1% to 15% approximately. In general, this variation may be tolerable. 
Conclusions
Even through a lot of work has been done on optimal ALT plans, the computational techniques and results concerning asymptotically optimal ALT plans for Burr type X with log-linear model are new. In this paper, we have discussed optimal ALT plans for minimizing ( ) q AsVar y under the assumptions of Burr type X distribution, periodic inspection, and Type I censoring with log-linear model. We have derived the optimal allocation of units for two stress levels using Lagrange multipliers technique.
In optimality results, we have indicated various patterns of optimal plans and shown that the number of inspections need not be large and the plan is insensitive to misspecification of guessed failure probabilities at the design and high stress levels. We have also observed that the schemes with equally spaced inspection times at each stress level are administratively convenient and statistically optimal. We conclude that the Burr type X failure model is widely and quit effectively lifetime distribution for ALT. Finally, we have used an example to illustrate the planning of an ALT.
